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Max-plus algebra is an algebraic structure which classical addition and multiplication
are replaced by the operations @ and ¢&. This study extends the concepts of AE
solutions for interval linear system to AE solutions for interval matrix equations (IME)

within the framework of max-plus algebra. The research provides a comprehensive
characterization of AE solutions to interval matrix equations, covering both linear
inequalities and linear equations. It introduces general framework that includes
specific solution types- weak, strong, tolerance and control solutions-as special
cases, encompassing many known solution concepts for interval max-plus matrix
equations. Additionally, the study presents specific examples to demonstrate an
efficient method for verifying AE solutions to interval max-plus matrix equations
(MPME) and highlights results for the various solution types, including weak,
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strong, tolerance and control solutions.
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1. Introduction

Max-plus algebra (Rmax, @, ®) has appeared under
the name extremal algebra for numerous years [1, 2]. In
max-plus algebra, there are several types of solvability of
interval linear systems, including both interval linear
equations and interval linear inequalities which have been
reported in several literatures. For example weak and
strong solvability were reported in Butkovic, et al. [3] and
Lihua, et al. [4], tolerance solvability was reported in
Butkovic [5, 6, 7] while control solvability was reported in
Butkovic [8].

Max-plus algebra is one of many idempotent semi-
rings which have been considered in various fields of
mathematics. It appeared in P. Butkovic paper on nerve
sets and automata [9, 10]. It has found applications in
many areas such as combinatory, optimization,
mathematical physics and algebraic geometry [10]. It is
also used in control theory, machine scheduling, discrete
event processes, manufacturing  systems, tele-
communication networks, parallel processing systems and
traffic control [11, 12, 13]. Many equations that are used to
describe the behavior of these applications are nonlinear in
conventional algebra but become linear in max-plus
algebra. This is a primary reason for its utility in various
areas [14]. Many of the theorems and techniques used in
classical linear algebra have analogues in the max-plus
semi-ring. Researchers such as Allamigeon, et al. [13],
Butkovic [14] and Butkovic, et al. [15] have studied
concepts such as solving systems of linear equations, the
eigenvalue problem, and linear independence in the max-
plus sense and reported. AE-solution sets are generalized

solution sets to interval equations (inequalities, etc.) for
which the separating predicate has AE-form.

In this paper, the concept of AE solutions of internal
linear system was extended to AE solutions of IME over
max-plus algebra. Necessary and sufficient conditions for
checking the AE solvability of matrix equation of interval
linear inequalities in max-plus algebra was formulated.
Then, fully characterized AE solutions of IME over max-
plus algebra were result types such as; weak, strong,
tolerance and control solutions was discussed.

2. Definitions, Notations and algebraic

properties

Some key definitions and algebraic properties of
max-plus algebra were presented as reported in several
literatures among which include Butkovic, et al. [16], Akian
et al. [17] and Aminu and Butkovic [18]. They reported that
in max-plus algebra for a, b € Ryq{—} U {R} =R,
two operations were defined @ and & by

a®b=max{a,b},a@b=a+b (1)

In max-plus algebra, also a triple (R0 D),
where R,,., = RU{e}, Ris the set of real numbers,
where € = -co. Let & be the matrix consisting entirely of €.
The set of all m x n matrices over R is denoted by
R(m,n) and the set of al column
n — vector over R by R(n).

Operations @, @ are extended to matrices and
vectors in the same way as in the classical algebra. In
max-plus algebra e = 0 is the multiplicative identity:
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a@®e=e®a=a+0=aforall a € Rmax 2)

The additive identity is € = —co
a®e = € @ a=max(a,—0) = afora € R4y
©)
Clearly @ and & are commutative, and obey many
other properties similar to + and x in conventional algebra.
For instance, it can be seen that & distributes over @ as
follows: for a, b, ¢ ERmaxthere will be:

a® (b@c)=a+max(b, c)=max(@a+h,a+c)
=(a @b) ® (a ®¢) )

This and other basic algebraic properties are listed in
the following lemmas. The proofs are elementary, very
short and precise.

21 Lemma1:
As reported in Butkovi¢ and Jones [6], for all x, y, z
E€Rpmax, then
a. Associativity x @ (y Pz) = (x Py) Pzand x ®
Y ®2) = (x ®y) ®z
Commutability x @y =y @x and x Qy =y Qx
Distributivity x ® (y @x) = (x ®y) D (x ®2)
Additive Identitye = —c0,x @ e=e P x =X
Multiplicative Identity e= 0:x Qe =e @x = x
Multiplicative  Inverse; if x e, then
Jadistinctywithx Q y = e
g. UnitElementx ®e=e @x=x
h. Absorbing Element x Qe= e@x = €.
Proofs:
a. For Associativity under (Rmax D)
x® (y © z) =x @ max(y,2)
= max(x,y,z) = max(x,y) @ z =(x®y)Dz
Under (Rmax, &)

xQ@Y ®2)=x+(Y®2)=x+y+2)
=x+MN+tz=x Q¥ Qz (5)
b. Commutability

"D Q0T

x @y =max(x,y) =max(y,x) =y D
xandx Qy=x+y=y+x=yQx (6)

Note: But when dealing with matrices, let say X and

Y, so they are only commutative when X=Y or one of them
is a unit matrix, as we can see example in the next section.
c. Distributivity

x Q@ (y @ x) = x + max(y, z)

=max(x+y,x+2)=xQy) D (x QR 2)(7)
d. Additive Identity

Since e = —oo, then

x @ €=e®x=max(x,—o)

= max(—o0,x) = x (8)
e. Multiplicative Identity

e=0x Qe =eQRQx =0+x=x

f. Multiplicative Inverse
ifx # e, then 3 a distinct y with x @ y = e (9)

g. Unit Element
X Qe =e @x=x+0=x (10)
h. Absorbing Element
t®e=€e@x=xQ (—0) =x+ (—)
=(-w)=¢ (1)

Hence the additive Identity eis absorbing under
multiplication.
Definition 1: Considering the ordering " <" on
the sets R(m, n) and R(n) defined as follows:
a. forA Be R(m,n):A< Bifa; < b;;foreach
i€Mandeachj €N,
b. for x,y € R(n):x <yifx; <y; for each
jEN.

2.2 Lemma 2:
As reported in Butkovi¢ and Jones [6], if A, B, and C
are matrices over R of compatibles size and ¢ € R then,

A>ZB=A@C=BC,
A>2ZB=AQC=BQC
A>2ZB = (CQA=CQ®B
A>2B= cQ®QA=>cQ®B

Definition 2: Using the monotonicity of &, which
means that for each A,C € R(m,n) and B,D €
R(n, s) the implication. If

A<Cand B<DthenAQ® B < C @ D holds.

In the following, shall use the notion of a residuated
function see [2, 6].

IfA € R(m,n), B € R(m,r), define the sum as
A @ B € R (mm,n) With entries (A @ B);; defined for
i=1,23,..,m,j=123,..n as follows:

(A 69 B)U = maX{aij,bij}.

3. Numerical Examples of max-plus on
Matrix Operations

4 0 3 1
Let A= [_2 5],3 = [_oo 8] andx = 3, (12)
Where A, BERmax
3.1 Matrix addition (A @ B)

son= [ Jol, o

SN T
ros=[% |
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3.2 Scalar Multiplication (x @A)

x@a=3 @[ ¢

[3®4 3®0]_[ 3+4 340
X®A'h®—2 3®5'{&+em 3+5
cone]

3.3 Matrix multiplication (A @ B)
_[4 0 3 1
agp=["% J®|

—o0 8
_[UR®DOO0R®-0) “RIDDORS)
(203D ER®-») (201D (RS

_[7® - 568
1P -0 -1 13

B®A=H g]

3.4 Matrix multiplication (B A)

3 1 4 0
B®A = [—oo 8]®[—2 5
_[B®HS(A®-2) GBRNBUA®S)
R DB®-2) (—0Q0)D(BR®S5)
_[7®-1 3®6

—co@P6 —ood13
B®A = [Z 163]

It is notice that multiplication of matrices in (Rmax, @
&) is associative, thatis A ® B® C)= (4 ® B) ® C
but not commutative, thus, A @ B # B & A. It is only
commutative when A = B or when one of the matrices is
a unit matrix. This is when the entries of A, B and C are
from Rmax.

Definition 3: Matrix equations: Let A € R(m, n),
B € R(m,r), C € R(s,r) and an unknown matrix
X € R(n, s). We get the matrix equation of the form
ARX =8B (13)

It is easy to see that equation 13 is equivalent to the
following k equations: A @ X = By

For each k € R, where X, (B;) is a k-th column of
X (B).

Consequently the principal solution of equation 14 is
the matrix X* (A4, B) with elements

X5 (4,B) = (4, ) (14)

The topic of this paper is a solution of two-sided
matrix equations of the form

ARXQC=B8B (15)

Where A € R(m,n),B € R(m,r) and C € R(s,r) are
given matrices and we are looking for X € R(n, s)

The following Lemmas will be used in the proofs of
our main results.

3.5 Lemma 3:
LetA = (al-j) € R(m,n),B = (bi]-) € R(m,n).
IfA<BthnAQX<BQ®X

Proof: ~ Note that a;; <b;
1, ..., m,we have

[A® X]; =;-1B(a;; ® x)=;-1D (a;; + %) =

j,and fori=

maxi<j<pia;; + x5} (17)
And

[B ® X]; =;51@ (b @ X;) =, 1 (by; + X;)

= max;sj<n{bij + X} (18)
Thus,

[ARX]; <[B®X]; fori=1,..,m,ie.
ARX<BRX.

3.6 Lemma4:

LetA = (a,-j) e R(m,n),B = (bij) € R(m,n),
C = (Cij) € R(m,n).If
A<C,thenA@®B<B&C.

Proof. Note that a;; < c;;, we have
(A®B);; = max{aij,bij} < max{cij,bij}
= (B @ 0);;

fori=1,...m,j=1,..,ni.e, AGB<B@C.

Definition 4: Interval matrix equations: Similarly,
the studies of Butkovic [7, 9], Allamigeon, et al. [13],
Butkovic and MacCaig [14], Butkovic, et al. [15] and Akian,
et al. [17], defined interval matrices A4, B, C as follows:

A=[AAl={A€ERMN)|A<A<A}

B =[B,B]={B €R(m,1)|B <B<B}

c=[ccl={ceR@sn|c<Cc=<C}
Donated by

ARXR®C=B (19)

The set of all matrix equation of the form of (18): A €
A,B € B, C € C. Equation (19) is called the interval
max-plus matrix equation

Where A,Z € R(m,n),A < Aand" <" s
understood componentwise. Similarly,
B,BER(m,r)B< Band"<"C,C €R(s,7)C <
Band" <"
is component wise.

Given 4 € R(m,n), B € R(m,7), C € R(s,7)

and an unknown matrix X, the corresponding interval linear
system of inequalities

ARXQC<BlIsthefamilyof AQ X ® C < B
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Where A€ A,B € B,C € Cand X is unknown
matrix.

In more general case, Let A€ R(m,,n), BE€
R(m,,7),€C € R(sy,7), and D € R(m,,7),E €
R(m,,7),F € R(s,,7), the corresponding interval
system of inequalities of the following form:

ARXRC<B (20)
DRXQF>E (21)

Represent the set of all linear systems of matrix max-
plus inequalities of the form:

AQX®C<B (22)
DRXQF=E (23)

Where A€ AL BEB,C€CandD € D,E €
E,F €F.

Remark 1: Clearly, a real linear system (D &
F)X = E can be transformed to an equivalent
system (—D ® —F) X < —E. However, linear max-plus
system

DRXQPF=Eand (D Q —F)X < —E are
not identical in general.

Definition 5: A matrix X is an AE solution to 4 ®
X ® C = Bifand only if

vA" e AV, vCY e Cc¥,vBY € B",34% € A3,3C? €
c?,3B? e B?

Such that
[(A" @ A*) ® (C¥ D CHI® X = B” @ B*.
Example 1: Consider the interval matrices
[2,6] [1,3]
([1 4] [3 4])’
- ([2 ,5] [0, 4])
[3,71 [7.9]

([3,15] [6,17])

B=([213] [5.15]

_ ([01] [23] . .
If X = <[1’5] [4’7]) then, X is an AE solution to

AQRX®C=B
By Definition 5: it is need to show that
[(AY D AT) ® (CY D CH)]Q X = BY @ B?

From Definition 5,

AV = ([s,s] [1,3]) C¥ = ([e,e] [0,4])

[1,4] [e €]/ [3,7]1 [eel)’
- [2,6] e €] _ [2,5] e €]
4 _(kﬁ][&ﬂ>c _(kx][Zﬂ)
And
v _ [3,15] [e& €] - [e,e] [6,17]
B _(kﬁ] 54m)3 _(Biﬂ [aﬂ)

Then the left hand side obtained as

((Ea Bhe (2 e
(e Do (28] e
(o )

(9 e () et )

6] ® 251D [131Q[3,7] [2, ]®[04]€B[13]®[79])
A Q251D [341 @ [3,7] [1,4]1 @ [0,4] D [3,4] ® [7.9]

[0,1] [2,3]
[1,5] [4,7])
[

(
_ ( 4111 @ [4,10] [2,10] @ [8, 12}) ® ([ 1] [2,3])
=(

~

[2
[1

®

[
(391 [6,11] [1,8] & [10,13 [1,5] [4,7]
[

411] [2,10] [01] [2.3]
[3,9] [1,8]>®<[1,5] [4,7])

_ (4111 ®[0,1] & [2,10] ® [1,5] [4,11] @ [2,3] D [2,10] @ [4.7]
B91® 23] @ [18] @ [47]

391 ®[0,1] @ [1,8] @ [1,5]

_ ([412] @ [3,15] [6,14] @ [6,17]\ _ ([3,15] [6,17]
_([3,10]@[2,13] [5,12]@[5,15])"([2,13] [5,15])'

Similarly, the right hand side will be obtained as

war(2 (o) )

_ ([3,15] [6,17])
~\[2,13] [5,15]

4. AE solutions to IME

4.1 IME over max-plus algebra

Each interval in interval linear system is associated
with either the universal quantifier ¥, which is called A-
uncertainty, or the existential quantifier 3, which is called
E-uncertainty. Therefore, let A€ R(m,n), BE R(m,r)
and C€ R(s, ) be given matrices and we are looking for
X€ R(n,s). Components in the matrix A on the
positions associated with existential quantifier are intervals
[0, 0], and components in the matrix A3, on the positions
associated with universal quantifier are intervals [0, 0].
Thus, we can split the interval matrix as 4 = A" + 43,
where A¥are the interval matrix comprising universally
quantified coefficients, and A3 concems existentially
quantified coefficients. Similarly, the interval matrices
Band Ccan be splitsas B= B+ B?, andC= C" +
C3, whereBY, C¥ are interval matrices comprising
universally quantified coefficients, also B3, C? are interval
matrices concerns existentially quantified coefficients. We
can decompose a matrix B = BY + B7. Then, a Matrix
X is an A E solutions of

AQXQ®C<B fif

VA" € A", vCY € C",vBY € B",34% € A3,3C? €
C?,3B? € B?

Such that
(A" +AH R (C"+CH)R X <B"+BF (24)
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In  Max-plus algebra, by using for all-exist
quantification of interval parameters, the matrices will be
split as;

A=A"®AB=B" OB C=C"O (25

Where components in the matrices AY, BY, C” on
the positions associated with existential quantifiers are
interval [g, €] and components in the matrices 47, B, €3
on the positions associated with universal quantifiers are
[&, €].

Now the concept of AE solutions of interval linear
system in classical algebra will extend to max-plus algebra.

Definition 6: A matrix X is an AE solution of
equation (1) and (2). If
vA" e A", vCcY' e, vBY e B, vD" e
DY, VFY e F',VEY € E¥,3A% € A3,3C? € C?,
3B e B,3D?* e p?,3F? e F3,3F? € E?

Such that
A S AHR ("B C)®X < BY® B (26)
DD DR (F'DFHRX < B"D B (27)

AE solutions covers many known solutions,
especially, the most studied solution types (weak, strong,
tolerance, control) as special cases [7-12].

In the same manner, the AE solutions for interval

linear MPME will be define in similar way of Definition 7.
Definition 7:

Amatrix X € R(n, s) is an AE solution of A ®
X®C=B

if forvA" € A", v(C" € C", VB €B" A% €
A?,3c? e ¢3,3B? € B?

such that
APAHYRC"DCHRX=B"@B? (28)

For instance, consider the interval system over max-
plus algebra

[2,6] [13]1\ ([25] [04] 11 X1z
A=([1,4] [3,4])®([3,7] [7,9])®(§21 )

_([315] [617]
_<[2,13] [5,15]) (29)

let AY = ([8,8] [1,3])’ Cv = ([s,e] [0,4]) |

[14] [e €] [3.7] [e €]
e = (28 fa)
= (o g = (e s
= (515 )

Then a matrix X is an AE solution to interval matrix
equation (29) if for

vaA” = ([Sa: ] o) €4

vy = ([5’ el e ) €,

6 [ec]
ve = (i ) e
w = (2 [Eé:]>’
= (10 [ga:])
B = (1) [[ga:])
5= ([Eb: [ebzs>

(A"BAHR(C"DC?)®X =B"® B

4.2 IME over max-plus algebra

Let recall the concept of AE solutions of interval
inequalities in classical algebra, which characterized by
specific order of logical quantifiers in the selecting
predicate [15, 18, 19]. Each interval in interval linear
system is associated with either the universal quantifierv,
which is called A-uncertainty, or the existential quantifier3,
which is called E-uncertainty. Therefore, let A€ R(m, n),
Be R(m,r) and Ce R(s,7) be given matrices and we
are looking for X€ R(n, s). Components in the matrix A¥
on the positions associated with existential quantifier are
intervals [0, 0], and components in the matrix 43, on the
positions associated with universal quantifier are intervals
[0, 0]. Thus, we can split the interval matrix asA = AY +
A3, where A are the interval matrix comprising universally
quantified coefficients, and A® concems existentially
quantified coefficients. Similarly, the interval matrices
Band Ccan be splitsas B= B+ B¥ andC = C" +
€3, where BY, €Y are interval matrices comprising of
universally quantified coefficients. Also B2, C? are interval
matrices concerns with existentially quantified coefficients.
These can decompose a matrix B = BY + B.
Therefore, a Matrix X is an AE solutions of A Q@ X @
C<Bif

vAY € A%, vCY e C',vB”Y € B",347 € A%,3C7 €
Cc?,3B? e B?

Such that
(A" +AH QR (CY+CH)®X <B" + B?

In  Max-plus algebra, by using for all-exist
quantification of interval parameters, the matrices will be
splitasA=A"@ A3, B= B"@ B?, C= C" & C?,
where components in the matrices A7, B¥,C" on the
positions associated with existential quantifiers are interval
[£, €] and components in the matrices A, B3, C7 on the
positions associated with universal quantifiers are [, €].

Now, the concept of AE solutions of interval linear
system in classical algebra will be extending to max-plus
algebra.
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Definition 8: A matrix X is an AE solution of systems
(1) and (2). If
vA" € A", vCY € C’,VvBY e B, VD" e
DY VFY e F'VEY €E",3A% € A%,3C7 €
C¢3,3B3 € B?,3D3 € D?,3F3 € F3,3E? € E?.
Such that
ADARIC"BC’)®X < BY@ B (30)
(DD DY) Q(F*®F)®X < BY® B? (31)

AE solutions covers many known solutions,
especially, the most studied solution types (weak, strong,
tolerance, control) as special cases [10, 11, 12], which was
discuss in the next section.

In the same manner, the AE solutions for interval
linear MPME are defined in similar way of Definition 9:

Definition 9: A matrix X € R(n, s) is an AE solution
ofAQRXRQC=B

if forvA" € A", v(C" € C", VB € B" A% €
A?,3c¢? € ¢?,3B7 € B?

Such that
A"DAHR ("D C)®X =BY @ B?(32)

For instance, consider the interval system over max-
plus algebra

X=(E:‘6d [1,3])®([2,5] [0,4])®(x11 xlz)

[34]) T\[3,7] [79])7 \X21 Xz
_ ([3,15] [6,17]
- ([2,13] [5,15]) (33)
Let
v _ (le€] [1,3] _ ([e,€] [0,4]
4 <[ 4] e, s]) ([3 7] [e,e]) '
[2,6] [ee )

2.6
a4° = ([s el [34]
_ [2,5] e €]
¢ = ([e ] [79)

_ ([315] [g¢€] [e,e] [6,17]
And BY = ([s e 5 15]) B’ ([2 13] [5,5])

Then a matrix X is an AE solution to interval matrix
equation (33) if for

VAV=([£'£] 2 )eAV

as [e, €]
Ve = <[8£3€] )€
VBT = ([sljls] [gl;f]) € B

= (i we= (0 )

B" = ([st] [[sé:]])'Ba = ([2:] [:Ze])'

(ADA)R(C"DC?)®X=B"® B

4.3 Characterization of AE solutions for
interval system of MPME

Consider an interval matrix equation of the following
form

ARX®C=B (34)

Whered € R(my,n), B € R(my,7),€C € R(sy, 7).

Full characterization of AE solutions to interval
equation (20) will be investigated here. Regards to that,
also a constructive result described in Theorem 1
concerning about the dependency property which is worth
stating independently was established.

Theorem 1:

A matric X € R(n,7)is an AE solution of interval
linear MPMEA @ X ® C = B if and only if:

A AR X ® (CV @ ?) = (BY @ B?) (39)

(4" ® 4%)® X ®(C” @ €7)<(BY ® B?) (36)
Proof. Assume that X € R(n, r) is an AE solutions

of A ® X ® C = B. Then for

VA" € AY,VB" € BY,and VC" € C"the equation

(A" D A)®X ®(CY® )= (B" D B?) (37)

Is solvable for some B¥ = B3, A? = A3,C? = (5.

Due to the isotone properties and distributive
property presented in Lemma 3 and Lemma 4
for vAY € AY,VB" € BY,and VC" € CY, have

ADARX RIE"BLHI<UADANIRX ®
c'ec?)

=B"®B*<B"® B (38)
Particularly, let AY = A¥, BY = BY, €Y =C" from
equation (38), then:
@WOA)RXQ(CTOC)<B" @B (39)

On the other hand, according to the isotone
properties and distributive property presented in Lemma 3
and Lemma 4, for VAY € AY,vBY € BY, and
vCY € CY, we also have

(@eor)exe(crel)z @ e)e
XQ® (€7@ C?) (40)
=B"®B?>B"® B} (41)
Particularly, let AY = A, BY = B in (41), have

AHA)RX ® (CYDC?) =B @B (42)

4.4 Special cases of AE solutions for interval

system of MPME

The traditional definition of a solution to interval linear
system contains; Weak solutions, strong solutions,
tolerance solutions and control solutions. Similarly, define
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an equivalent concept of solutions for interval max-plus
matrix linear system.
Definition 10: An unknown matrix X € R(n,7) is

called

a. A weak solution of equation (20), (21) if inequalities
(22), (23) hold for some

A€ABeB,CeCandD e D,E € E,F €F;

b. A strong solution of equation (20), (21) if inequalities
(22), (23) hold for some

A€ABeB,CeCand D e D,E € E,F €F;

c. A tolerance solution of equation (20), (21)
if foreachA€ A,C €,

D € D,F € F, Inequalities (22), (23) hold for some
B € B,E €E;

d. A control solution of equation (20), (21) if for each B €
B, E € E, inequalities (22), (23) hold for some

Definition 11: An unknown matrix X € R(n,r) is

called

a. A weak solution of equation (22) and (23) hold for
some

A€eABeB,CeCand D € D,EE€E,F €F;
b. A strong solution of equation (22) and (23) hold for all
A€eABeB,CeCand D e D,E€E,F €F;

c. A tolerance solution of equation (22) if for each
A € A,C € C (23) hold for some B € B;

d. A control solution of equation (22) if for each B € B,
(23) hold for some A € A,C € C.

From the definition of AE solutions, it is easy to
obtain that the weak solution, strong solution, tolerance
solution and control solution are special cases of AE
solutions. Necessary and sufficient conditions for checking
weak and strong solvability of interval systems in max-plus
algebra were formulated in [8, 9], it is fund that, the type of
solvability of interval linear max-plus systems are also
special cases in Theorem 1.

The characterizations of the weak and strong
solutions of equations (20) and (21) are proposed in the
Corollary 1 and Corollary 2 below.

Corollary 1: An unknown matrix X € R(n,7)is
weak solution of the equations 1 and 2 if and only if

ARC®X<B
DRFRX>E

Proof: The assertion follows immediately from
Theorem 4.1 if we set AY = ¢,

C"=¢B" =cand D" =¢,F" =¢,E" =¢

Corollary 2: An unknown matrix X € R(n,7)is
strong solution of the equation 1 and 2 if and only if

ARCRX<B
D®FQ®X=E.

Proof: The assertion follows immediately from
theorem.1 if

A =¢cC=¢B*=cand D =¢,Fi=¢,F? =¢

The characterizations of the weak and strong
solutions of equation (20) are proposed in Corollary 3 and
Corollary 4 below

Corollary 3: an unknown matrix X € R(n,7)is a
weak solution of the equation (20), if and only if;

ARC®X<B
ARCR®X=B.

Proof: The assertion follows immediately from
Theorem 1 ifwe set AY = &,C” = &,
B” ==¢.

Example 1: Given

A=(7) foo =) an)

B= ([8,15] [3,18])
~\[4,17] [5,20]
By Corollary 3, it can be check that matrix X =
(1 3) is a weak solution to equation (19)

2 4
Solution:

Let

A

Da=(; D=0 1)
3
8
T
1@ cox=(; Jo(, 9ol )
( R®R7D3RQ4 2®3€B3®8)®(1 3)

I
~—~

SN N

) and

|
Il
~~

), then

I}

R7O6QR4 4Q3D6X8 2 4

e 701G 1)

~\11 14) (; i)

(
<9®1€Bll®2 9®3€Bll®4)
(

2 4

111P14Q2 11R3P14Q4

10 13 126915)
12916 14 18

5 9= -7
Thus, AQ C®X< B
AQ CRX= (4 5)®<2 161)®(% 431)

_/AQ9B5R6 4Q6D5®11\ . (1 3
‘@@9@9@67@6@9@ﬁ)®@ 2)

~(leo1s 130202 =(e 20)®

(2 2
2 4
_(13®16916®2 13®3€916®4)
T\16®102002 15Q3P20R 4
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(762 18024)= (2 202 )-8

Thus,A ® C®X > B.

Corollary 4: An unknown matrix X € R(n,7)is
strong solution of the equation 20 if and only if

AR CQ®X<Band
AQRCR®X=B.

Proof. The assertion follows immediately from
Theorem 1 if

Al=¢
CP=¢B=¢.
Example 4: Given

a= (G0 o= (e o)

_ ([14,17] [1517]
B = (hﬁJB] [2&21ﬂ

By Corollary 4, it can be checked that matrix X =
(1 3) is a strong solution to equation (20).

2 4

Solution

Since,

T=( 9a=C D=0 9
C= (Z g) and

7= et )

10 cax=(, ol gl 3

2Q7P3RQ4 2®3E|93®8>®(1 3)
41Q7D604 4R033D6Q8 2 4

&) &)
2@% 3@3}®G b

1 3
11 14) (2 4)
IR1IPI1IRQ?2 9®36911®4)
11Q1P14Q2 11Q3P14RQ4
=<10€Bl3 126915)
12616 146 18
= (16 195 (s 20=2
Thus, AQ CR®X<B
retex=(; ol 1) 3

 (AQ9IB5®6 4Q6®5@11\ . (1 3
_G®9@9®6 7®6®9®1J®(24)

“(o15 1302000 2

=(16 209 3)

¢
(¢
=

_(13@1@16@2 13®3®16®4)
T\16Q1P2002 16Q3P20RQ 4

_(14@18 166919)
T\17@22 196 24

(22 2205 20)=F

ThusA @ CRX>B

Besides weak solvability and strong solvability, the
following new characterizations of tolerance and control
solutions are the simple consequences of Theorem 1.

The Characterizations of the tolerance and control
solutions of system (13), (14) are proposed in Corollary 5
and Corollary 6 below

Corollary 5: An unknown matrix X € R(n,r)is a
tolerable solution of the equation 13 and 14 if and only if

ARX®C < B,
DX ®E = F

Proof: The assertion follows immediately from
Theorem 1 if set;

Al=¢gCi=¢gB " =cand D? =¢,F} =¢,E” =
£.

Corollary 6: An unknown matrix X € R(n,7)is a
control solution of the equation 13 and 14 if and only if

AQX QC < B
DRXR®E = F

Proof: The assertion follows immediately from
Theorem 1 if

AY =¢
C"=¢B*=cand D" =¢,F" =¢,E? = «.
The characterizations of the tolerance and control

solutions of equation (20) are proposed in Corollary 7 and
Corollary 8 below

Corollary 7: An unknown matrix X € R(n,7)is a
tolerable solution of the equation 2 if and only if

ARXR®C <
AQRX ®C = B.

Proof: The assertion follows immediately from
Theorem 1 if we set:

AP =¢
Ci=¢B" =c¢.
Example 5: Given
a=(58) 1B7)) o (175) [58))
[4,6] [45]) [47] [3.6])"
B - <[14,22] [8,20])
[12,19] [7,18]
By Corollary 7, it can be seen that matrix X =

(}} g) is a tolerance solution to system (20).
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Solution: Since,
T=(s 2= DT=0 o

) o= (5 Bo=( Yoo

¢ Do 9ol 3
RIP7TR7 8R8P7RX6 3
6@9ID5®7 6®8®5®6>®( )

181 181et 3

;
<
@ 1990 )
<
<

A®C®X

171D 16 R4 17®2€916®3>
151D 14Q®4 152D 14Q3

18 @ 20 19@19) (20 19)<(22 20)
1618 17 17 18 17/ 7 \19 18

Thus, AQ X® C < B.
Similarly,

acox=( Do Je(; 3
(@7@93®4 5®5®3®3>®( 3)

41QQ70D404 403504 Q3 2 4

1? g; 1905976> ® (1 3) _ (12 10

1

4 3)

(12®1E|910®4 12®2@10®3>
1101PIRQR4 11Q2P9Q3

_(136914 146913)
“\1213 13612

(3 139202 7)

Thus, AQX ® C > B.

Corollary 8: An unknown matrix X € R(n, ) is a
control solution of the equation 20, if and only if

AQX®C =B
ARX®C < B
Proof: The assertion follows immediately from

Theorem 1:if A" = ¢, C" = ¢,B? = ¢.
Example 6: Given

_([3,5] [412] _([4.6] [3,10]
A= ([2,9] [5,6] ) €= ([2,7] [6,7] ) ’

_ ([12,25] [10,23]
B'([13,24] [9,30])

2 4 11 9)®

/N

By Corollary 8, we can show that matrix X = (1 g)

is a control solution to equation (20).
Solution: Since,

=05 '9a=G 9= 7)

C=(4 3)and§=(25 23)@:(12 10)’

= \2 6 24 30 13 9
then
18cex=(; )8 e ;)

(607 s011)2G =G el 3
(71D 10®4 72D 10Q3
_(7®16911®4 7®26911®3)

(@15 so14) (s 10203 )

Thus, AQX @ C > B.
I®C®X= (5 12)®(6 10)®(1 2)

6 7 7 4 3
_<5®6G§12®7 5®10€912®7)®(1 3)
T\IR6DO6R®7T IRIODO6R®7 2 4

o o
=(£@ig 13@13)69@ 2)

=(1s 100 3)
=(19®1ea19®4 19®2@19®3)
501P1904 15020 19X 3

(20 23 21@22)_ 23 22 25 23\ _ =
_<166923 17 @ 22 ‘(23 22)3(24 30)_3'

Thus, AQX®C < B.

5. Conclusion

In this paper, a new concept of AE solution to
interval max-plus linear system using matrix equations has
been introduced. = Consequently,  comprehensive
characterizations of AE solutions for interval max-plus
matrix equation (MPME) were developed, covering both
linear inequalities and linear equations. Additionally,
special cases including weak, strong, tolerance and control
solutions were discussed.
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